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Generalized Casimir forces in nonequilibrium systems
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In the present work, we propose a method to determine fluctuation-induced forces in nonequilibrium sys-
tems. These forces are the analog of the well-known Casimir forces, which were originally introduced in
quantum field theory and later extended to the area of critical phenomena. The procedure starts from the
observation that many nonequilibrium systems exhibit fluctuations with macroscopic correlation lengths, and
the associated structure factors strongly depend on the wave vectors for long wavelengths; in some cases the
correlations become long range, and the structure factors show algebraic divergences in the long-wavelength
limit. The introduction of external bodies into such systems in general modifies the spectrum of these fluctua-
tions, changing the value of the renormalized pressure, which becomes inhomogeneous. This inhomogeneous
pressure leads to the appearance of a net force between the external bodies. It is shown that the force can be
obtained from the knowledge of the structure factor of the homogeneous system. The mechanism is illustrated
by means of a simple example: a reaction-diffusion equation, where the correlation function has a characteristic

length. The role of this length in the Casimir force is elucidated.
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I. INTRODUCTION

In 1948, Casimir [1] noticed that, since in the vacuum the
quantum electromagnetic field fluctuates rather than vanish-
ing as in the classical case, it would cost some energy to
introduce a macroscopic body into it. Indeed, the presence of
a macroscopic body limits the allowed wave vectors and
therefore the energy density. Casimir derived a simple ex-
pression for the resulting force per unit area acting between
two large conducting neutral plates facing each other at dis-
tance x. The result is F/A=-fcm?/(240x*), where the pres-
ence of fic reveals the quantal origin of the force. In the last
20 years, Casimir’s idea has been extended to some equilib-
rium systems where fluctuations are of thermal origin, rather
than quantal, and thus the force is proportional to kzT [2].
The unifying feature of systems displaying thermal Casimir
forces is the presence of long-ranged spatial correlations.
The best-known cases are binary fluid mixtures at the critical
point [3] and other critical systems [4—6], where the Casimir
force between two plates of area A and separation x is attrac-
tive and proportional to —kzTA/x>. The inverse power law
character of the force is originated by the divergence of the
correlation length ¢ as the critical point is approached. The
Ornstein-Zernike theory [4] predicts long-range density fluc-
tuations characterized by a structure factor (defined as the
Fourier transform of the density-density correlation function)
like S(k) o< 1/(£2+k%), where £x|T—T,|72. Then the struc-
ture factor behaves as S(k) k=2 at the critical point, and the
free energy of the system scales as kzTA/x*!, from which
one derives the above expression for the force.

Casimir forces also appear in equilibrium physical sys-
tems where long-range correlations appear because a con-
tinuous symmetry is broken [7]. For instance, in liquid crys-
tals, with a vector order parameter, the structure factor for a
smectic-A phase layered in the z-direction is anisotropic:
S(k) k7 /(k2+\*k}). When the Kk is parallel to the layers,
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i.e., k,=0, the structure factor diverges as k2. Such smectic
liquid crystals also exhibit a Casimir force: Fo—kzTA/x*
[8]. Similar long-ranged correlations appear also in nematic
phases of liquid crystals, or magnetic liquid crystals im-
mersed in a magnetic field H [9], and in superfluid films [10],
and in solutions of ionic salts or micellar systems [11],
among many others.

The first approach to treating thermal Casimir forces
closely follows the method originally proposed by Casimir in
the quantum electrodynamic case: one computes the size-
dependent free energy and then obtains the force by differ-
entiating it with respect to distance [2]. Also, Casimir forces
can be understood in terms of a stress tensor that is size
dependent, due to the long-range correlations. It has been
possible to compute the Casimir force as the difference of the
size-dependent pressure between a confined and an infinite
system, using the scale invariance property of critical fluids
[5,12], scale-free nonequilibrium systems [13], and critical
spin models [14].

These approaches, however, do not stress enough the re-
lation between long-range correlations and Casimir forces. In
particular, the case where there is no scale invariance and
there is a finite correlation length has not been considered.

The goal of this paper is to establish a general relation
between correlation functions (or the associated structure
factors) and Casimir forces. We provide a method to com-
pute the size-dependent pressure and the Casimir force, es-
pecially suitable for nonequilibrium systems, where long-
range correlations are ubiquitous [15], while arguments
based on the free energy cannot be invoked. It is shown that
the Casimir force can be obtained from the knowledge of the
structure factor of the homogeneous system.

There are numerous nonequilibrium systems for which
the structure factors have been obtained. A major class is
represented by systems under spatial gradients, such as an
isothermal uniformly sheared fluid in the z direction (plane
Couette flow) [16,17]. It was found that the structure factor
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in the limit k— 0 behaves as S(k)x—7ykk./k*, where ¥, is
the shear rate. In a similar fashion, a fluid in a Rayleigh-
Benard cell, with a temperature gradient VT below the onset
of the instability, shows a correlation function with a 1/k?
dependence [18]. In a binary mixture under the same experi-
mental conditions, there is a nonlinear enhancement of the
structure factors proportional to (VT)?/k* Here the fluctua-
tions are measured in the xy plane, orthogonal to the gradient
of the temperature [19,20]. In the same Rayleigh-Benard
cell, but heated from above, Li et al. showed that the con-
centration fluctuations in a polymer solution behave as
(Vc)?/k*, where Ve is the concentration gradient created by
the Soret effect. Pure concentration gradients were studied
by Spohn [21] using lattice gases; that author showed that
S(k) o (Ve)?/ (k*+kg), with kg=/(2L), L being the system
size.

Another class of nonequilibrium systems exhibiting long-
range correlations are those lacking the detailed balance
condition. For instance, it has been shown [22,23] that sys-
tems described by the Langevin equation with conservative
dynamics and nonconservative noise have long-range spatial
and temporal correlations. Analogously, nonequilibrium con-
centration fluctuations in reaction-diffusion systems can be
long ranged under certain conditions [24] that will be de-
scribed in this paper.

There are a few cases of nonequilibrium systems with
long-range correlations where a Casimir force has been de-
rived, for example, the already mentioned scale-free non-
equilibrium systems [13], a driven one-dimensional system
[25], and a granular fluid [26]. In the granular case, the bal-
ance between the energy dissipation due to collisions and the
energy injection renders the system statistically stationary,
but out of equilibrium. As a consequence, it can develop
long-range correlations, and the structure factors for the hy-
drodynamic fields decay as k=2 [27].

II. THE MESOSCOPIC MODEL

As an example of how a Casimir force arises in a non-
equilibrium system with long-range correlations, we consider
the simple case of a reaction-diffusion system in three di-
mensions, where the fluctuating density n around the homo-
geneous reference density n, obeys the equation

%:V-(DV¢+§1)—)\¢+§2» (1)

where ¢=n—-n, is the fluctuating field, D is the diffusion
coefficient, and A >0 is the relaxation rate. The terms &; and
&, describe fluctuations in the diffusive flux and in the reac-
tion rate, respectively. They are assumed to have white noise
spectra

e, &y, 1") =16, 0r —x") 8t -1'),

(&(r,0)&(r' 1) =T 80 —r") ot -1'), 2)

where I"; and I', are the noise intensities. The noises &, and
&, are referred to, respectively, as conservative and noncon-
servative noises because the former conserves the total mass,
while the latter makes it fluctuate.
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This reaction-diffusion equation models, for instance, the
ky ko

set of chemical reactions A—B, A+B—2A, which do not
satisfy the detailed balance condition [28]. In this case, ¢ is
the density fluctuation of either species A or B relative to its
average stationary density, and A=nyk,—k;, with n the total
density. When A=0 the reaction shows a critical point at ny
=k,/k,. We assume that the pressure in the system is a func-
tion of the local density p(n).

Equation (1) not only models the chemical reaction de-
scribed above, but governs many other physical systems, like
liquid crystals [29] or superfluid films [2]. All these systems
possess structure factors similar to those mentioned in the
Introduction, and the results obtained in this paper can be
generalized to those systems.

The solution of Eq. (1) predicts that, after an initial tran-
sient, the density ¢ is statistically homogeneous and station-
ary, so that in Fourier space we have

<¢k> = 0’ <¢k¢q> = VS(k) 5](,—qs (3)

where the symbol (-) represents the average over the two
noises &; and &,. The structure factor S(k) and its Fourier
transform, the space correlation G(r), are given by (see [24],
Chap. 8.3)

r, T2D
Sk)=— , 4
W= eri @
T, I e hor
G(r)=—L+ ——, 5
()= Lo+ )

with I'=I",—=T")\/D and kozv’m. The second contribution
in G(r), stemming from the k-dependent term of S(Kk), rep-
resents fluctuations with a correlation length that depends on
the parameters D and A, and, therefore, is of macroscopic
size. In particular, near the critical point A — 0, the correla-
tion length diverges. If the reaction satisfies the fluctuation-
dissipation theorem [24,30], then I';=2kzTD and T,
=2kgT\, where T is the temperature, implying that I" van-
ishes along with the macroscopic correlations. On the con-
trary, in nonequilibrium systems which violate the
fluctuation-dissipation theorem, I" does not vanish and mac-
roscopic correlations are present. The & term of G(r) in Eq.
(5), coming from I';/2D, describes the microscopic self-
correlation of the particles that a mesoscopic model, valid for
larger length scales, cannot resolve. These correlations are
present in both equilibrium and nonequilibrium, and, as will
become manifest in the next paragraphs, they do not contrib-
ute to the Casimir forces. Therefore, they will be eliminated
henceforth. This corresponds to subtracting the asymptotic
value of S for large values of k. Hereafter, we will consider
the macroscopic part (or, equivalently, the nonequilibrium
part) of the structure factor

S*(k) = S(k) — limS(g) = 2

_ 6
o 2D(K* + kg) (©)

This is equivalent to suppressing the vectorial (conserved)
noise &, and keep only a scalar (nonconserved) noise & with
an intensity I'.
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We study, now, the effect of confining the system between
two plates, parallel and infinite in the y and z directions,
located at x=0 and x=L, and ask whether the confinement of
the fluctuating field can produce a Casimir force between the
plates surrounded by a fluid described by Eq. (1). The force
derives from the pressure, which we shall assume to be a
local function of the density, i.e., p(n), exerted by the par-
ticles over the plates. To proceed, we consider the system in
a volume L, X L, X L,, periodic in all directions. In this vol-
ume we place two plates at distance L with nonflux boundary
conditions at them, as natural for a reacting system. The total
volume V is divided into two regions: region I between the
plates, of volume L X Ly XL, and region II, outside the
plates, of volume (L,~L) XL, XL,. The limit L,,L,,L,—
will eventually be taken.

In order to perform the analysis in the two regions, let us
consider the case of a general volume V=X XL, X L_, where
X=L for region I and X=L —L for region II. The density
field is expanded, taking into account the nonflux boundary
conditions in the x direction, as

B(r,0) =V 2 D (cos(kx)eels (7)

ke kK

where k,=mn,/X, k,=2mn,/L,, k,=2mn,/L,, n,=0,1,2,..
and Ny,n=... ,—1,0,1 The noise § is expanded in a

similar way with
(G(DE(1") =y VT 8 g8l = 1), (®)

where 5k 4=k qﬁk 5k is a modified three-dimensional
Kronecker delta. Moreover ‘the factor Y, (yk =1/2 if k,=0
and Ve, =1 otherwise) appears because of ‘the nonflux bound-
ary condition in the x direction. Replacing these expansions
in (1), it is found that

(=0, (g =Y bqVS(K), )

with the same structure factor S(k) as in the homogeneous
case. Suppressing again the microscopic self-correlations,
the density field fluctuations in real space are given by

(¢(r))=0, (10)
(p(0)?) = V1Y 'S (K)cos(k,x)?
k
12 COS(quox)z, (11)

2
Tk 4

where q=k/kj, and the prime in the sums means that the
terms k,=0 and ¢,=0 have a factor 1/2.

The sum in Eq. (11) contains an ultraviolet divergence
(q— ). Therefore, in order to perform the summation, a
regularization prescription is needed. The divergence is un-
physical, because it comes from assuming that the mesos-
copic model (1) remains valid up to infinitely large wave
vectors. Therefore, we introduce a regularizing kernel in Eq.
(11) of the form 1/(1+€%¢%), which equals 1 for e—0, a
limit that will be taken at the end of the calculations. The
choice of a rational function instead of an exponential one is
made to keep the calculations as simple as possible, but its
form is immaterial. The technique of a regularizing kernel is
equivalent to imposing a cutoff in the g vectors of the order
of g.~ €', or to the { function regularization [29].

Next, we take the limit L,,L,— o0, allowing us to replace
the sums on g, and g, by integrals that can be carried out,
with the result

2
622 ’ln< 1(+ ezq ))cos(quox)2

(12)

1
8mDX 1 —

(p(r)?) =

Figure 1 shows the density fluctuations (12) in the x di-
rection when the plates are located at x=0 and k)L=1/2, €
=0.05, and L,— . The sets of ¢, vectors entering in the sum
of Eq. (12) for regions I and II are different. In region I, the
allowed ¢, vectors are quantized as g,=mn,/(koL), while in
region II they form a continuum in the limit L,— oc. This
difference produces a jump of (¢?) at the plate.
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III. CASIMIR FORCES

As shown in Fig. 1, the density fluctuations in a confined
system depend on the position but also on the system size,
and therefore are different in the region between the plates
and the region outside them. As the pressure is a function of
the local density field #, these differences in the density fluc-
tuations create an unbalance of the pressure at both sides of
each plate (see inset of Fig. 1), and consequently a net force.

To calculate the force, we assume that the pressure is a
function of the local density, and we expand it around the
reference density n,. After taking the statistical average, we
find that

PLod=pln) +5 5| (B, (13)

an*

where higher-order terms in the field have been neglected.

Therefore the inhomogeneous density fluctuations pro-
duce an inhomogeneous pressure profile, similar to those ex-
perimentally observed in fluidized granular matter [34]. Note
that, when including the regularizing kernel into the sum
(11), it turns out that a constant term in S(k) leads to a
size-independent contribution to {(¢*) and therefore to the
pressure. In consequence, the equilibrium part of the struc-
ture factor does not contribute to the Casimir forces, allow-
ing us to eliminate it from the calculations.

The net force acting on the plate located at x=L is the
difference between the pressure inside p(x—L~) and the
pressure outside p(x— L"). These values are calculated from
Eq. (12), by replacing the value of x by L [implying that
cos(q,koL)=1], and using the appropriate set of ¢, vectors. In
the outer part of the plates, region II, the ¢, vectors form a
continuum, and the sum is replaced by an integral:

(= r 1fd1<1+52q§) r 1
P=gepxi-e ] M 2ni

T 4DXe(1+€)’
(14)

which diverges in the limit e— 0 as O(e!). Similarly, in the
inner region, we have

S , <1+52q§)
(¢ >I_87TDX1—€2qEX " E(l+qd))’ (13

with g, forming a discrete set, g,=mn,/(kyL); the summation
can be performed with the help of Eq. (1.431,2) of [31]. It
also shows a divergence as O(e!) with the same prefactor as
in Eq. (14). Therefore, in the net force between the plates per
unit area, obtained as the pressure difference, the two diver-
gent contributions cancel. The resulting force is finite, and, in
the limit of a vanishing cutoff e, is simply

15

FIA = =L im[(¢2), - (¢2),] = Fo[1 - In(2 sinh 1)/1],
2&}1 e—0

(16)

where [=kyL, and Fy=Tky(?p/on®)/(16mD). Let us note

that the final expression of the Casimir force, is a universal
function of the reduced distance /=kyL,. Moreover, there is
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FIG. 2. Dimensionless force as a function of the dimensionless
distance [, together with the asymptotic form for />>1 (dashed line)
and /<1 (dotted line).

no dependence on the cutoff length, as the two divergences
in the cutoff, one stemming from the discrete sum and the
other from the integral, exactly cancel each other. The regu-
larizing kernel, a technique well known in the field of Ca-
simir forces [32], has allowed us to obtain a finite result as a
difference of two diverging quantities.

The analysis of the Casimir force Eq. (16) can be per-
formed in the limits of far plates (I>>1) or near ones (/< 1).
In the first case, /> 1 implies that the distance L,>> kal, and
therefore the plates are outside the correlation length, kal
[see Eq. (5)]. Then one expects a very fast decay of the
Casimir forces. In the opposite limit (/< 1), when the plates
are well inside the correlation length, the force is much
stronger. The expression for these forces are

Ffar e—21 Fear

log [
=F,—, g
A l A

:_FOT. (17)

The expression of F"*“" is valid only for distances larger than
any microscopic cutoff, otherwise the description based on
the continuum differential equations (1) becomes meaning-
less. Therefore no real divergence of the force is obtained for
small distances.

In Fig. 2 we plot the exact force Eq. (16) as a function of
the dimensionless distance [, together with the far and near
plate approximations.

IV. SUMMARY AND CONCLUSIONS

As a summary, we have calculated the fluctuation-induced
Casimir force between two parallel plates produced by a sca-
lar field whose evolution is given by a reaction-diffusion
equation. This system is out of equilibrium, because the
noise terms do not satisfy the fluctuation-dissipation relation,
developing long-range correlations. From these correlations,
one can calculate the pressure that the fluctuating field exerts
on the two parallel plates.

The Casimir force obtained in this way depends on a mac-
roscopic parameter k, that defines a characteristic length as
ky', which is a combination of the diffusion constant and
reaction rates, similar to the cases described in other physical
systems [21,28]. The calculated force exhibits a crossover at
plate separations of the order of kal, a distance at which the
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correlations have decayed [see Eq. (5)]. For short separa-
tions, the correlations play an important role, and the force
shows a strong distance dependence, while for L>>k51 the
density correlations have decayed, and the force decays ex-
ponentially with the same range k !"as the correlations.

Finally, the force is repulsive if the pressure is such that
#plon*>0, as is usually the case for molecular fluids far
from the liquid-gas transition. However, the sign might
change for different geometries of the obstacles (for instance,
plate and sphere, or two concentric spheres [33]).

To conclude, we have developed a method to calculate
Casimir forces starting from the structure factors of the ho-
mogeneous system. This method is valid for both equilib-
rium and nonequilibrium systems, where the usual derivation
of Casimir forces based on free-energy calculations is not
applicable. The method presented here clarifies the role of
the correlation ranges, and their influence over the range of
the force. In addition, in comparison with other methods that
compute the size-dependent stress tensor, this method is ap-
plicable to systems with no scale invariance (that is, with a
finite correlation length). The necessary ingredients to obtain
a Casimir force are a fluctuating field with correlations that
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extend over a macroscopic range, and a confinement of the
fluctuation spectrum induced by the presence of the plates or
other obstacles. The present procedure could be repeated for
other systems in nonequilibrium states showing long-range
correlations, where it is expected that the resulting Casimir
force would depend of the pressure dependence of the fluc-
tuating fields and their dynamics.
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